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On Schro¨dinger superalgebras
C. DUVAL (1) and P. A. HORVA´THY (2)
Abstract.
We construct, using the supersymplectic framework of Berezin, Kostant and others, two
types of supersymmetric extensions of the Schro¨dinger algebra (itself a conformal extension
of the Galilei algebra). An ‘I-type’ extension exists in any space dimension, and for any
pair of integers N+ and N−. It yields an N = N+ + N− superalgebra, which generalizes
the N = 1 supersymmetry Gauntlett et al. found for a free spin- 1
2
particle, as well as the
N = 2 supersymmetry of the fermionic oscillator found by Beckers et al. In two space
dimensions, new, ‘exotic’ or ‘IJ-type’ extensions arise for each pair of integers ν+ and
ν−, yielding an N = 2(ν+ + ν−) superalgebra of the type discovered recently by Leblanc
et al. in non relativistic Chern-Simons theory. For the magnetic monopole the symmetry
reduces to o(3)× osp(1/1), and for the magnetic vortex it reduces to o(2)× osp(1/2).
October 1993
CPT–93/P.2912 Journ. Math. Phys. 35 2516 (1994).
1. Introduction.
Recent interest in non-relativistic supersymmetries stems from Chern-Simons theory:
as found by Leblanc, Lozano and Min (LLM) [1], non-relativistic Chern-Simons theory in
two dimensions admits an N = 2 conformal supersymmetry, which extends the Schro¨dinger
symmetry discovered previously by Jackiw et al. [2].
(1) De´partement de Physique, UFR de Luminy, Universite´ d’Aix-Marseille II and Centre
de Physique The´orique CNRS, Case 907, F–13288 MARSEILLE Cedex 09 (France).
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The story starts in the early seventies, when Niederer, and Hagen, [3] pointed out that
the maximal kinematical invariance group of the free, spin-0, Schro¨dinger equation forms
a 13-dimensional Lie group whose Lie algebra is now called the (extended) Schro¨dinger
algebra s˜ch(3). This latter contains, in addition to the (centrally extended) Galilei group,
two ‘conformal’ generators, namely dilatations, D, and expansions, K, which close with
the Hamiltonian, H, into an sl(2,R) ∼= o(2, 1) subalgebra [4].
Gauntlett et al. [5] extended this algebra to spin-12 particles with spin generator ζ.
They found five conserved odd generators, namely
(1.1)

Q = 1√
m
p · ζ (helicity)
S = √m
(
r− p
m
t
)
· ζ (super-expansion)
Ξ =
√
m ζ (spin)
(where p = r˙), which provide an 18-dimensional, N = 1 supersymmetric extension of the
Schro¨dinger algebra.
Soon after the discovery of the Schro¨dinger symmetry of the free particle, Niederer [6]
found that the harmonic oscillator (described by the bosonic Hamiltonian HB below) also
admits this same Schro¨dinger symmetry — although the generators look quite different,
cf. Eq. (7.5). This result has been extended by Beckers et al. [7] to the n-dimensional
fermionic oscillator with total Hamiltonian
(1.2) Htot = HB +HF =
1
2
(
p2
m
+mω2r2
)
− iω
n∑
a=1
(
ζa+ζ
a
− − ζa−ζa+
)
,
the ζa± (a = 1, . . . , n) being the generators of a Clifford algebra. This system has an N = 2
conformal supersymmetry, with supercharges
(1.3)

Q± = (p∓ imωr) · ζ±√
m
S± = e
∓2iωt (p± imωr) · ζ±√
m
T± = e
∓iωt
√
m ζ±.
Note that HB and HF are both bosonic and are separately conserved. For n = 3, this
algebra has 21 generators.
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Non-relativistic Chern-Simons theory in 2+1 dimensions also has a Schro¨dinger sym-
metry [2], extended by Leblanc et al. [1] into a 16-dimensional N = 2 supersymmetry
algebra. But, in two space dimensions, the ‘ordinary’ N = 2 superconformal symmetry of
the type of Beckers et al. [7] has 18 generators: in particular, there are N = 2 of each of
the ‘Q-type’, ‘S-type’ and ‘T-type’ charges. In the LLM algebra, however, there are N = 2
‘Q-type’ and ‘S-type’ supercharges, but just N/2 = 1 ‘T-type’ charge. The commutation
relations ot the LLM-algebra are similar to, but still different from, those of [7] for n = 2.
The main result of this paper is to confirm the ‘exotic’ supersymmetry of Leblanc
et al.: we construct, within the symplectic framework [8], extended to the Grassmann
case by Berezin, Katz, Kostant, and others [9,10], two types of supersymmetric extensions
of the Schro¨dinger algebra. Our clue is to first imbed the Schro¨dinger algebra s˜ch(n)
into i˜sp(n), the (central extension of the) algebra of inhomogeneous (or affine) symplectic
transformations. But this latter admits a natural supersymmetric extension, namely the
affine orthosymplectic algebra i˜osp(n/m) obtained by adding m odd variables. We look
therefore for supersymmetric extensions of sch(n) within i˜osp(n/m). This is reviewed in
the first part of the article.
Our I-type extension s˜ch(n/N+, N−) exists for any spatial dimension n. It is labelled
by a pair integers N+ andN−, related to the dimension and the signature of the Grassmann
space. Our algebra has N = N++N− of each of the ‘Q-type’, ‘S-type’ and ‘T-type’ charges.
If N− = 0 (N = N+), we denote this algebra simply by s˜ch(n/N).
If, however, space is two-dimensional, we have another ‘exotic’ or ‘IJ-type’ extension,
we denote by s˜che(ν+, ν−). It is again labelled by two integers, ν+ and ν−, and yields
N = 2ν = 2(ν+ + ν−) of each of the ‘Q-type and ‘S-type’ charges but only ν ‘T-type’
charges.
In the second part of our paper, we illustrate our theory on examples.
– Firstly, we recover the N = 1 super-Schro¨dinger algebra of Gauntlett et al. [5], in
the I-type framework.
– Beckers et al.’s oscillator superalgebra [7] corresponds to an I-type extension with
N = N+ = 2.
– The superalgebra of Leblanc et al. [1] is obtained as the ‘exotic’ (‘IJ-type’) extension
s˜che(ν+ = 1, ν− = 0).
– Parts of the symmetry algebra may remain unbroken by certain interactions. A
celebrated example is the o(2, 1) symmetry of the Dirac monopole [11], which extends
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to osp(1/1) when spin is added [12]. Another, more recent, example is provided by the
magnetic vortex, which also carries the o(2, 1) bosonic symmetry [13]. Now, the Hamilto-
nian admits two distinct square roots [14] that combine with the bosonic algebra into an
osp(1/2) sub-superalgebra of our ‘exotic’ super-Schro¨dinger algebra [15] as illustrated by
section 9.
2. The orthosymplectic algebra.
Let us start with a supervector space E = E0 ⊕ E1; the endomorphisms of E admit
the even/odd decomposition
(2.1) Z =
(
A B
C D
)
=
(
A 0
0 D
)
+
(
0 B
C 0
)
.
The supercommutator which is defined on homogeneous endomorphisms by [Z, Z ′] = ZZ ′−
(−1)|Z|·|Z′|Z ′Z reads
(2.2)
[(
A B
C D
)
,
(
A′ B′
C′ D′
)]
=
(
AA′ −A′A+BC′ +B′C BD′ −B′D +AB′ −A′B
CA′ − C′A+DC′ −D′C DD′ −D′D + CB′ + C′B
)
.
From now on we will be dealing with E = R2n ⊕Rm1 ≡ R2n/m, globally parametrized by
X =
(
P
Q
)
∈ R2n and ξ =
 ξ
1
...
ξm
 ∈ Rm1
where the ξα (α = 1, . . . , m) are, along with 1, the generators of the Grassmann alge-
bra ΛRm and Rm1 ≡ Λ1Rm. Now R2n/m carries the canonical symplectic structure of
prescribed signature s given by [9,10]
(2.3) ω =
n∑
j=1
dP j ∧ dQj + 12
m∑
α=1
εα dξ
α ∧ dξα,
where εα = ±1 and s =
∑
εα. Using the anticommutativity of the odd variables, it is easy
to check that
a) ω is superskewsymmetric, i.e. ω(V, V ′) + (−1)|V |·|V ′| ω(V ′, V ) = 0 for all homo-
geneous elements V, V ′ ∈ R2n/m;
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b) ω is nondegenerate since it is represented by the even invertible endomorphism
(
J 0
0 G
)
according to ω(V0 + V1, V
′
0 + V
′
1) = V
T
0 JV
′
0 + V
T
1 GV
′
1 where
J =
(
0 In
−In 0
)
and G =
 ε1 . . .
εm
 ;
c) ω is exact:
(2.4) ω = 1
2
d
(
P dQ− dPQ+ ξ dξ) .
In the last expression, the ‘overline’ stands for the adjoint with respect to a metric, e.g.
P ≡ PT and ξ ≡ ξTG. We will systematically use this notation in the sequel. (1)
Let us now recall the definition [9-11] of the orthosymplectic algebra osp(n/m) which
consists of those endomorphisms Z of R2n/m whose homogeneous components verify
ω(ZV, V ′) + (−1)|Z|·|V | ω(V, ZV ′) = 0 for all homogeneous elements V, V ′ ∈ R2n/m.
In other words, an endomorphism Z of the form (2.1) is orthosymplectic for the super-
symplectic structure ω = 1
2
(
dX ∧ JdX + dξ ∧ dξ) of R2n/m with signature s = m+ −m−
if
d(δX) ∧ JdX + dX ∧ Jd(δX) + d(δξ) ∧ dξ + dξ ∧ d(δξ) = 0
where δX = AX + Bξ, δξ = CX +Dξ, that is if AJ + JA = 0, C = BJ and D +D = 0.
We get therefore the superalgebra
(2.5)
osp(n/m+, m−) =

 A B
BJ D
 ∣∣∣ A ∈ sp(n,R), B ∈ L(Rm1 ,Rn), D ∈ o(m+,m−)

whose multiplication law is given by (2.2).
(1) If M ∈ L((Rp, G), (Rq, H)) then M ≡ G−1MTH.
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3. The Schro¨dinger algebra.
We first recover the Schro¨dinger algebra [3,4] in a novel way, namely as a subalgebra
of the extended affine symplectic algebra i˜sp(n). This is achieved by identifying R2n with
Rn ⊗R2 (i.e. with the n× 2 matrices) via(
P
Q
)
7−→ (PQ).
One shows now that the linear transformations
(3.1) (PQ) 7−→ A(PQ)B−1
are symplectic if A ∈ o(n) and B ∈ SL(2,R). The corresponding Lie algebra is isomorphic
to
(3.2)
{(
A+ aIn bIn
cIn A− aIn
) ∣∣∣ A ∈ o(n); a, b, c ∈ R} ∼= o(n)× sl(2,R) ⊂ sp(n,R).
Note that the ‘dual pair’ o(n)× sl(2,R) is the homogeneous Schro¨dinger algebra [3,4].
The full centrally extended Schro¨dinger Lie algebra [3,4] is conveniently obtained [8,12] by
considering rather the canonical contact structure on R2n+1,
(3.3) ̟ = 12
(
P dQ− dPQ)+ ds,
and look for the infinitesimal affine contact transformationsPQ
s
 7−→ δ
PQ
s

which Lie-transport the 1-form ̟ = 0,
1
2
(
δP) dQ+P d(δQ)− dP (δQ)− d(δP)Q)+ d(δs) = 0,
and extend o(n)× sl(2,R). One readily finds
(3.4) δ

P
Q
s
1
 =

A+ aIn bIn 0 V
cIn A− aIn 0 W
1
2
W −1
2
V 0 u
0 0 0 0


P
Q
s
1

where A ∈ o(n); a, b, c, u ∈ R;V,W ∈ Rn which defines the extended Schro¨dinger algebra
s˜ch(n), the central R-extension of
(3.5) sch(n) ∼= (o(n)× sl(2,R)) s©R2n.
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4. Schro¨dinger superalgebras: I-type extensions.
Let us now merge the two previous structures into a single one, viz. the canonical
contact structure on R2n+1/m [10] given by the even 1-form
(4.1) α = 12
(
P dQ− dPQ)+ 12 ξ dξ + ds
such that ω = dα. A tedious but routine calculation shows that the infinitesimal affine
contact transformations are given by
(4.2) δ

P
Q
s
1
ξ
 =

A B 0 V −Σ
C −A 0 W −Θ
1
2
W −1
2
V 0 u −1
2
Ψ
0 0 0 0 0
Θ −Σ 0 Ψ D


P
Q
s
1
ξ

with B = B, C = C, u ∈ R; V,W ∈ Rn; Σ,Θ ∈ L(Rm1 ,Rn), Ψ ∈ Rm1 and D +D = 0,
i.e. D ∈ o(m+,m−). This is, indeed, the extended affine orthosymplectic superalgebra
i˜osp(n/m+, m−), spanned by the vector spaces i˜sp(n,R), o(m+,m−), and L(R
m
1 ,R
2n+1).
Let us now look for Lie superalgebras that extend nontrivially the Schro¨dinger algebra
s˜ch(n) in (3.4) within i˜osp(n/m+, m−). Thus, the commutator of two infinitesimal trans-
formations (4.2) should close according to (3.4); the crucial condition is that A, B and C
in Eq. (4.2) be of the same form as in Eq. (3.4). By Eq. (2.2), this requires
(4.3)

ΣΘ′ + Σ′Θ+ΘΣ′ +Θ′Σ = a′′In
ΣΣ′ +Σ′Σ = b′′In
ΘΘ′ +Θ′Θ = c′′In
for some scalars a′′, b′′ and c′′. One way of satisfying these conditions is to assume that
the matrices split into N blocks,
(4.4) G =
 ǫ1In . . .
ǫNIn
 ,
so that m = nN and ξ =
 ξ1...
ξN
 with ξj ∈ Rn1 , supplemented by the ‘I-type’ Ansatz
(4.5) Σ = (σ1In . . . σ
NIn) and Θ = (θ
1In . . . θ
NIn),
where σj , θk ∈ R1 for all j, k = 1, . . . , N .
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Let N+ (resp. N−) be the number of blocks in (4.4) with positive (resp. negative)
sign and N = N+ + N−. For each pair (N+, N−), we get a supersymmetric extension of
the Schro¨dinger algebra we call (N+, N−)-Schro¨dinger superalgebra of I-type, and denote
by s˜ch(n/N+, N−). It consists of endomorphisms in sl(2n+ 2/nN) of the form
(4.6) Z =

A+ aIn bIn 0 V −σ1In . . . . −σNIn
cIn A− aIn 0 W −θ1In . . . . −θNIn
1
2W −12V 0 u −12Ψ1 . . . . −12ΨN
0 0 0 0 0 . . . . 0
θ1In −σ1In 0 Ψ1 A R21In . . . RN1 In
. . . . R12In A . . . .
...
...
...
...
...
...
. . .
...
θNIn −σNIn 0 ΨN R1NIn . . . . A

with A ∈ o(n); a, b, c, u ∈ R; V,W ∈ Rn; R = (Rkj ) ∈ o(N+,N−); σj ≡ ǫjσj , θj ≡ ǫjθj ∈
R1, Ψj ∈ Rn1 , Ψj ≡ ǫjΨTj (all j, k = 1, . . . , N). The supercommutators Z ′′ = [Z, Z ′] read
(4.7)

A′′ = AA′ −A′A
a′′ = bc′ − b′c−
N∑
j=1
(
θjσ
′j + θ′jσ
j
)
b′′ = 2(ab′ − a′b) + 2
N∑
j=1
σjσ
′j
c′′ = 2(ca′ − c′a)− 2
N∑
j=1
θjθ
′j
V′′ = AV′ − A′V + aV′ − a′V + bW′ − b′W −
N∑
j=1
(
Ψjσ
′j +Ψ′jσ
j
)
W′′ = AW′ − A′W − aW′ + a′W + cV′ − c′V −
N∑
j=1
(
Ψjθ
′j +Ψ′jθ
j
)
u′′ = −VW′ +V′W −
N∑
j=1
ΨjΨ′j
R′′
k
j = −
N∑
i=1
(
RkiR
′i
j −R′kiRij
)
+ θkσ′j − θ′kσj − σkθ′j − σ′kθj
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for the bosonic part, and
(4.8)

σ′′
j
= aσj − a′σj + bθ′j − b′θj −
N∑
k=1
(
Rjkσ
′k −R′jkσk
)
,
θ′′
j
= −aθ′j + a′θj + cσ′j − c′σj −
N∑
k=1
(
Rjkθ
′k −R′jkθk
)
,
Ψ′′j = AΨ
′
j − A′Ψj − σjW′ + σ′jW + θjV′ − θ′jV −
N∑
k=1
(
ΨkR
′k
j −Ψ′kRkj
)
.
for the fermionic part.
The components of the associated supermoment map [10],
µ : R2n+1/nN −→ s˜ch(n/N+, N−)∗,
are found using the expression
〈µ, Z〉 = ı(ZE)α,
the infinitesimal action ZE of Z (given by (4.6)) on E = R
2n+1/nN being defined in (4.2).
Putting
(4.9)
〈µ, Z〉 =12 Tr(JA) +Hc−Da−Kb− GV + PW +Mu− 12 HjkRjk
+Qjθj − Sjσj +ΞjΨj
where we have adopted the Einstein summation convention and used the metric
gjk = ǫjδjk
to raise and lower fermionic indices, we claim that
(4.10)

J = QP−PQ− ξj ξj , Qj = P ξj,
H = 1
2
||P||2, Sj = Q ξj,
D = PQ, Ξj = ξj ,
K = 12 ||Q||2,
G = Q,
P = P,
M = 1,
Hjk = ξj ξk,
where j, k = 1, . . . , N . The components of µ plainly generate, under super-Poisson brackets
we still denote by [ · , · ], a superalgebra isomorphic to s˜ch(n/N+, N−).
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The crucial formula (2)
(4.11)
[〈µ, Z〉, 〈µ, Z ′〉] = −〈µ, [Z, Z ′]〉
yields, using the commutation relations (4.7,8), the ‘even’ Poisson brackets
(4.12) [Jab,Jcd] = δcbJad − δcaJbd + δdbJca − δdaJcb,
and
(4.13)
[H,D] = 2H [H,K] = D [D,K] = 2K
[Jab,H] = 0 [Jab,D] = 0 [Jab,K] = 0
[Ga,Gb] = 0 [Pa,Pb] = 0 [Pa,Gb] = δbaM
[Ga,J bc] = δbaGc − δcaGb [Pa,J bc] = δbaPc − δcaPb
[H,Ga] = Pa [H,Pa] = 0 [D,Ga] = Ga
[D,Pa] = −Pa [K,Ga] = 0 [K,Pa] = −Ga,
where a, b, c, d = 1, . . . , n, (M commutes with everything). These are the commutation
relations of (o(n)× o(2, 1)) s©h(n), i.e. that of the extended Schro¨dinger algebra s˜ch(n).
The Hij ’s commute with all other bosonic generators and, themselves, generate o(N+,N−):
(4.14) [Hij ,Hkℓ] = −gkjHiℓ + gkiHjℓ − gℓjHki + gℓiHkj
where i, j, k, ℓ = 1, . . . , N . The bosonic commutation relations are hence those of the direct
product of the extended Schro¨dinger algebra with o(N+,N−). They are supplemented with
the relations involving ‘fermionic’ (i.e. odd) component. Firstly, we have
(4.15)
[Qj ,D] = Qj [Qj ,K] = Sj
[Qj ,H] = 0 [Qi,Hjk] = gikQj − gijQk
[Sj ,D] = −Sj [Sj ,K] = 0
[Sj ,H] = −Qj [Si,Hjk] = gikSj − gijSk
[Qj ,Qk] = −2gjkH [Sj ,Sk] = −2gjkK
[Qj ,Sk] = −gjkD +Hjk,
which says that the H,D,K,Hjk close with Qj ,Sj into osp(1/N+, N−).
(2) According to our convention, [ZE , Z
′
E] ≡ −[Z, Z ′]E .
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Next, according to
(4.16) [Qj ,Jab] = 0, [Sj ,Jab] = 0,
the ‘homogeneous super-Schro¨dinger algebra’ is the direct product o(n)× osp(1/N+,N−).
The commutators of translations and super-translations,
(4.17) [Pa,Ξbj ] = 0, [Ga,Ξbj] = 0, [Ξaj ,Ξbk] = −gjk δabM,
define the super-Heisenberg algebra h(n/N+, N−) Beckers et al. denote by sh(n). Finally,
(4.18)
[Ξaj ,J bc] = δab Ξcj − δac Ξbj
[H,Ξaj ] = 0 [D,Ξaj ] = 0
[K,Ξaj ] = 0 [Hjk,Ξai ] = gij Ξak − gik Ξaj
[Qj ,Ga] = Ξaj [Qj ,P] = 0
[Sj ,Ga] = 0 [Sj ,Pa] = −Ξaj
[Qj ,Ξak] = −gjk Pa [Sj ,Ξak] = −gjk Ga
fixes the relation between the homogeneous and inhomogeneous parts as a semidirect
product. In conclusion, our superalgebra has the following structure:
(4.19) s˜ch(n/N+, N−) = (o(n)× osp(1/N+,N−)) s©h(n/N+, N−),
generalizing what Beckers et al. [7] found for N = N+ = 2. In most frequent cases, when
all epsilon’s are equal to 1 and N = N+, we denote our Schro¨dinger algebras simply by
sch(n/N).
Discussion.
Let us recall [4] that the SL(2,R) subgroup of the Schro¨dinger group actually shows
up in the presymplectic framework over space-time as a covering group of the projective
transformations of the time axis. Our I-type Ansatz, (4.4-5) amounts to decomposing R2n
by viewing it as a tensor product,
(4.20) R2n ∼= Rn ⊗R2,
and super-extending it by extending the ‘time-like’ factor R2 into R2/N , so that the super-
symplectic phase space becomes
(4.21) R2n/nN ∼= Rn ⊗R2/N .
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The structure of the (unextended) I-type superalgebra sch(n/N+, N−) becomes clear
by writing its action on the super-symplectic space in the form
(4.22) δ(PQ ξ1 . . . ξN ) = A(PQ ξ1 . . . ξN ) + (PQ ξ1 . . . ξN )B + C,
where (cf. (4.6) for the notation)
(4.23)

A ∈ o(n)
B =

a c θ
b −a −σ
σ θ R
 ∈ osp(1/N+, N−)
C = (VWΨ1 . . .ΨN ) ∈ R2n/nN .
We note that the I-type extension amounts hence to super-extending the conformal
subalgebra sl(2,R) ∼= osp(1/0) into osp(1/N+, N−). In other words, it consists of those
automorphisms that respect the ‘space-supertime’ factorization (4.21) much in the same
way as the Schro¨dinger algebra sch(n) does for the ‘space-time’ factorization (4.20).
5. Schro¨dinger superalgebras: exotic (IJ-type) extensions.
Now we try to find other supersymmetric extensions of the Schro¨dinger algebra. Let
us hence return to the conditions (4.3), and inquire under what circumstances the second
one, for example,
(5.1) ΣΣ
′
+ Σ′Σ = λIn,
(λ ∈ R) can be satisfied by Σ’s of the form
(5.2) Σ =
(
Σ1 . . . Σν
)
,
where Σj is in L(Rn,Rn) for j = 1, . . . , ν. Such a matrix Σj can be decomposed into its
symmetric and antisymmetric parts (with repect to the metric Gj = ǫjIn), and condition
(5.1), applied to Σ and Σ′ with Σ′
k
= δjkIn, entails that any Σ
j is necessarily of the form
σjIn +Ω
j , where Ωj + Ωj = 0. Thus Ωj is an orthogonal matrix. Now Eq. (5.1) requires
(5.3)
(
Ωj
)2
= λjIn.
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Thus, in the generic case λj 6= 0, Ωj is invertible, so that space has to be even dimensional.
Let {ΩK} be a basis of the subspace spanned by those orthogonal matrices which satisfy
Eq. (5.3). Then it is easy to verify that all three relations in Eq. (4.3) hold if
(5.4)
{
Σ =
(
Σ1 . . .Σν
)
Θ =
(
Θ1 . . .Θν
)
,
where
{
Σj = σjIn + σ
jK
∗ ΩK
Θj = θjIn + θ
jK
∗ ΩK .
Then some algebra yields the crucial condition
(5.5) σjK∗ (ΩKA− AΩK) = 0
for all A ∈ o(n). Thus, if n > 2, the only possibility that wouldn’t break the o(n)-
symmetry, is σjK∗ = 0. In other words, for n > 2, the I-type extension considered in
Section 4 is the only possibility consistent with the Ansatz (5.2).
If, however the space is two-dimensional, the rotation group is Abelian, and one can
have a non-trivial Ω, namely
(5.6) Ω = σ∗J,
J being the generator of rotations in the plane, J =
(
0 1
−1 0
)
.
Let us hence examine the planar case n = 2 in some more detail. Now the Grassmann
space is m = 2ν-dimensional. Then the matrix D in (4.2) can be decomposed into 2 × 2
blocks,
D =

D11 D
2
1 . . . .
D12 . .
...
. . .
...
. . . . . Dνν
 .
Since D is orthogonal, D ∈ o(2ν+, 2ν−), each 2× 2 block is further seen to be of the form
Djk = R
j
kI + S
j
kJ where I = I2, (R
j
k) is in o(ν) (a shorthand for o(ν+, ν−)), and (S
j
k) is a
symmetric ν × ν matrix. Hence we have proved that, for n = 2, the Ansatz (4.5) can be
generalized (see (5.4,6)) to
(5.7)

Σ = (σ1I + σ1∗J . . . σ
νI + σν∗J)
Θ = (θ1I + θ1∗J . . . θ
νI + θν∗J),
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yielding the ‘exotic’ super-Schro¨dinger algebra which consists of those endomorphisms of
R6/2ν of the form
(5.8) Z =

A+ aI bI 0 V −Σ1 . . . −Σν
cI A− aI 0 W −Θ1 . . . −Θν
1
2W −12V 0 u −12Ψ1 . . . −12Ψν
0 0 0 0 0 . . . 0
Θ1 −Σ1 0 Ψ1 D11 . . . Dν1
...
...
...
...
...
. . .
...
Θν −Σν 0 Ψν D1ν . . . Dνν

where A = ωJ ; a, b, c, u ∈ R; V,W ∈ R2; Σj = σjI + σj∗J , Θj = θjI + θj∗J ; Ψj ∈ R21; the
2× 2 block matrices Djk being given for j, k = 1, . . . , ν by
(5.9) Djk = R
j
kI + S
j
kJ
with R+R = 0, i.e. R ∈ o(ν) and S = S.
The components of the supermoment map are, this time
(5.10)
〈µ, Z〉 =− Jω +Hc−Da−Kb− GV + PW +Mu
− 12HjkRjk + 12LjkSjk +Qjθj +Q∗jθj∗ − Sjσj − S∗j σj∗ +ΞjΨj
with j, k = 1, . . . , ν. (Again, indices in (5.10) are raised and lowered by means of the
metric gij = ǫi δij .) Explicitly, we get the remarkably symmetric formulæ
(5.11)

J = Q×P, Qj = P · ξj ,
H = 12 ||P||2, Q∗j = P× ξj ,
D = P ·Q, Sj = Q · ξj ,
K = 12 ||Q||2, S∗j = Q× ξj,
G = Q, Ξj = ξj ,
P = P,
M = 1,
Hjk = H[jk] = ξj · ξk,
Ljk = L(jk) = ξj × ξk.
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Note that, in the plane, the cross product of two vectors is a scalar, u×v = εijuivj ≡ uJ v,
where εij is the totally antisymmetric symbol, ε12 = 1. Hence, ξ×ξ = ξ1ξ2−ξ2ξ1 = 2ξ1ξ2.
Thus, we now have N = 2ν ‘Q-type’ and ‘S-type charges, half of them symmetric
(I-type), the other half antisymmetric (J-type), but only ν ‘T-type’ vector-charges Ξj .
Note also that we now have two types of ‘fermionic Hamiltonians’ namely the symmetric
Ljk’s and the antisymmetric Hjk’s.
The super-commutators and super-Poisson brackets, calculated in the usual way, are
rather complicated. They are listed in the Appendix. The particular case of ν = 1,
ǫ1 = ǫ2 = 1, which plays a significant roˆle in Chern-Simons theory, is worked out in
Section 8.
6. A free spinning particle.
Let us first consider a free, spin-12 particle in ordinary space and construct its su-
persymmetry algebra directly. At the pseudoclassical level [9] including spin amounts to
adding an anticommuting 3-vector, ζ = (ζa), turned into Pauli matrices upon quantization.
In the first part of this Section we work in the quantized setting, i.e. with commutators.
The Hamiltonian H is formally the same as for spin 0, H = p2/(2m), and is readily seen
to be the square of the conserved supercharge
(6.1) Q = 1√
m
p · ζ (helicity).
The commutator of Q with boosts, G = mr−pt, yields another conserved charge, Ξ, which
turns out to be proportional to ζ,
(6.2) Ξ =
√
m ζ (spin).
Being the sum of two conserved quantities,
(6.3) J ab = rapb − parb − ζaζb (total angular momentum),
is also conserved. The bosonic generators H,J ,P,G,M (see (6.10) below), and the
fermionic generators Q and Ξ form the 15-dimensional Galilei super-algebra of Gauntlett
et al. [5]. Commuting the helicity, Q, with the expansion, K, yields a new charge, namely
(6.4) S = √m
(
r− p
m
t
)
· ζ (super-expansion).
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Hence we find an 18-dimensional, N = 1 supersymmetric extension of the Schro¨dinger
algebra [5], whose commutation relations correspond to those of s˜ch(3/1) in (4.19).
The above result can easily be further extended, using our framework. (From now on,
we work again at the pseudo-classical level, i.e. with Grassmann variables). Let us chose
N anticommuting n-vectors, ζ = (ζ1, . . . , ζN ). A free non-relativistic particle with mass
m and spin N/2 is described by the action [9]
(6.5) A =
∫ {
p · r˙+ 1
2
N∑
j=1
ζj ζ˙j −
p2
2m
}
dt,
with associated equations of motion p˙ = 0, r˙ = p/m, ζ˙ = 0. The classical motions are
straight lines with ζ = const. The ‘space of motions’ is hence globally parametrized by
(6.6) P =
p
m
, Q = r− p
m
t, ξj =
ζj√
m
.
In Souriau’s language [8] adapted to this (super)setting, this amounts to working with
the ‘pre-symplectic’ two-form
(6.7) σ = dp ∧ dr+ 12
N∑
j=1
dζj ∧ dζj − d
(
p2
2m
)
∧ dt
on the ‘evolution space’
(6.8) E =


p
r
t
ζ
 ∣∣∣∣ p, r ∈ Rn; t ∈ R; ζ =
 ζ1...
ζN
 , ζj ∈ Rn1
 .
The 2-form σ in Eq. (6.7) is readily seen to project to the space of motions as
(6.9) m
(
dP ∧ dQ+ 12
N∑
j=1
dξj ∧ dξj
)
,
i.e. m-times the super-symplectic form ω in Eq. (2.3) with ǫj = 1. According to our general
theory, the system admits an N = N+-super-Schro¨dinger symmetry given by Eq. (4.6).
The associated conserved quantites are obtained therefore by inserting the parameters
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P,Q and ξ from Eq. (6.6) into Eq. (4.10), and multiplying by m to yield
(6.10)

J ab = rapb − parb −
N∑
j=1
ζaj ζ
b
j (angular momentum)
H = p
2
2m
(energy)
D = p.
(
r− p
m
t
)
(dilatations)
K = 12m
(
r− p
m
t
)2
(expansions)
Hij = ζi · ζj (fermionic Hamiltonians)
Qj = 1√
m
p · ζj (helicities)
Sj =
√
m
(
r− p
m
t
)
· ζj (super-expansions)
G = mr− pt (Galilean boosts)
P = p (linear momentum)
M = m (mass)
Ξj =
√
m ζj (spins)
This generalizes the superalgebra of Gauntlett et al. [5] from N = 1 to any N . (The
expression of the angular momentum is consistent with having spin-12N). Notice that for
N ≥ 2, one also gets an extra bosonic o(N) generated by the Hij ’s — whose conservation
is, however, trivial.
If N ≥ 2, an extra term can be added to the Hamiltonian. For N = 2, for example, we
have two anticommuting Grassmann vectors ζj, and we can consider the new Hamiltonian
(6.11) Htot = HB +HF = p
2
2m
− iω (ζ+ · ζ− − ζ− · ζ+)
with ω = const. Since the new term commutes with all bosonic variables, the motion
in space is undisturbed. However, the ζ± =
1
2 (ζ1 ± iζ2) satisfy rather ζ˙± = ∓iω ζ±,
so that ζ±(t) = e
∓iωtζ±(0). The projection to the space of motions is hence given as
P = p/m,Q = r− pt/m, supplemented by
(6.12) ξ± = e
±iωt ζ±√
m
.
Then it is easy to check that one still gets the same symplectic form (6.9). In other
words, the space of motions is unchanged by the extra term, and it has therefore the same
s˜ch(n/N) supersymmetry as for ω = 0 — realized in a less trivial way.
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Let us mention that, if the space is two dimensional, n = 2, we have, in addition to
the I-type SUSY considered before, also the ‘exotic’ SUSY described in Section 5, with
the usual bosonic generators H,D,K, ν(ν − 1)/2 ‘fermionic Hamiltonians’ Hij = ζi · ζj,
but also ν(ν + 1)/2 symmetric charges Lij = ζi × ζj . The angular momentum is simply
the scalar J = r× p.
The bosonic generators are supplemented by ν I-type and ν J-type supercharges, as
well as ν spin vectors Ξj = ζj/
√
m ∈ R21, j = 1, . . . , ν. The structure of this algebra is
described, for ν = 1, in Section 8.
7. The symmetries of the harmonic oscillator.
Let us first rederive the Schro¨dinger symmetry for an n-dimensional bosonic harmonic
oscillator [6] in our framework. Let us indeed consider the oscillator with Hamiltonian
HB = p
2/(2m)+mω2r2/2. The classical trajectories are r(t) = A cosωt+(1/mω)B sinωt.
The space of motions is therefore R2n, parametrized by A and B. In fact, using
(7.1) A = r cosωt− p
mω
sinωt and B = mωr sinωt+ p cosωt,
it is readily verified that the presymplectic 2-form σ of the evolution space E = R2n+1
parametrized by the triples (r,p, t) projects to the space of motions E/ ker(σ) as the
canonical symplectic structure of R2n,
(7.2) σ = dp ∧ dr− dHB ∧ dt = dB ∧ dA = m(dP ∧ dQ)
where
(7.3) P =
B
m
and Q = A.
Thus, the space of motions is the same symplectic vector space as for a free particle — and
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carries therefore a Schro¨dinger symmetry [6]. The components of the moment map read
(7.4)

Jab = rapb − rbpa
P = B = mωr sinωt+ p cosωt
G = mA = mr cosωt− p
ω
sinωt
H = 1
2m
B2 = 12
(
mω2r2 sin2 ωt+
p2
m
cos2 ωt+ ω r · p sin 2ωt
)
M = m
D = B ·A = 12
(
mωr2 − p
2
mω
)
sin 2ωt+ r · p cos 2ωt
K = 12mA2 = 12m
(
r2 cos2 ωt+
( p
mω
)2
sin2 ωt− r · p
mω
sin 2ωt
)
.
The symmetry generators are combinations of those in Eq. (4.10). For example, a
time-translation for the oscillator, δt = ǫ, appears, in ‘free particle’ (i.e. space of motions)
language, as a time translation by ǫ, followed by an expansion by ω2ǫ, etc. In the so-called
oscillator representation, they are expressed as
(7.5)

Jab = Jab = rapb − rbpa
HB = H + ω2K = 1
2
(
p2
m
+mω2r2
)
C± = ±i
(H− ω2K ± iωD) = ± i
2m
e∓2iωt (p± imωr)2
P± = ±i (P ± iωG) = ±ie∓iωt (p± imωr)
M =M = m
with a, b = 1, . . . , n. Here HB , C+ and C− generate an sl(2,R) algebra; the angular
momentum J generates o(n); finally, the P± and M span an n-dimensional Heisenberg
algebra h(n).
The N = 2 supersymmetric oscillator in n space dimensions can be described by
adding two anticommuting vectors, ζ1 and ζ2 (or ζ± =
1
2 (ζ1 ± iζ2)). The action is
(7.6) A =
∫
p · dr+ 1
2
2∑
j=1
ζjdζj −
[
p2
2m
+
mω2r2
2
− iω (ζ+ · ζ− − ζ− · ζ+)
]
dt.
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The equations of motions for p and r are identical to those without spin, while for ζ
we get dζ1/dt = ω ζ2, dζ2/dt = −ω ζ1. It follows that the trajectory r(t) is the same as
above, and that ζ±(t) = e
∓iωtζ±(0). The evolution space is the same as for a free particle,
see (6.8) with N = 2, while Souriau’s two-form reads
(7.7) σ = dp ∧ dr+ 1
2
2∑
j=1
dζj ∧ dζj − d
[
p2
2m
+
mω2r2
2
− iω (ζ+ · ζ− − ζ− · ζ+)
]
∧ dt.
The coordinates on the space of motions (now super-symplectomorphic to R2n/nN )
can therefore be chosen as
(7.8) P =
B
m
, Q = A, ξ± = e
±iωt ζ±√
m
.
It is easy to see that σ projects to the space of motions to yield once again m-times
the (super)symplectic form of Eq. (2.3) with N = 2 and ǫj = 1. Inserting (7.8) into (4.10)
and multiplying by m yields the modified expression of the angular momentum including
a spin contribution,
(7.9) J ab = rapb − rbpa − (ζa+ζb− + ζa− ζb+) ,
and provides us with further conserved quantities. Using
P ± imωG = e∓iωt (p± imωr) ,
we obtain
(7.10)

Q± ∓ imωS± = (p∓ imωr) · ζ±√
m
,
Q± ± imωS± = e∓2iωt (p± imωr) · ζ±√
m
i.e. Q± and S± in Eq. (1.3). Similarly,
(7.11) HF = −iωH12 = −iω (ζ+ · ζ− − ζ− · ζ+) ,
coincides with the fermionic Hamiltonian in (1.2), and
(7.12) Ξ± =
√
me±iωtζ±
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are the generators T± in Eq. (1.3). We have thus confirmed the s˜ch(n/2) supersymmetry
found by Beckers et al. [7].
From Eqs (6.6) and (7.1,3) it follows also, that
(7.13)

tfree =
1
ω
tan(ωtosc),
rfree =
rosc
cos(ωtosc)
,
ζ±free = e
±i(ωtosc−tan(ωtosc))ζ±osc
extends Niederer’s correspondence [6] to the case of a free, spin-1 particle with Hamiltonian
Htot = HB +HF , and the supersymmetric oscillator.
We just mention, for completeness, that in 2 space dimensions we can also have exotic
supersymmetry of Section 5. For ν = 1 (just one Grasmann vector ζ ∈ R12), one gets the
fermionic charges
(7.14)
(p+ imωr) · ζ√
m
,
(p+ imωr) × ζ√
m
,
e2iωt(p− imωr) · ζ√
m
,
e2iωt(p− imωr)× ζ√
m
.
There is now no ‘H12-type’ extra bosonic charge. There is, however, an ‘L12-type’ charge,
namely
(7.15) L = e
2iωt
m
ζ × ζ.
8. Chern-Simons-Matter Systems.
In Ref. [1] Leblanc, Lozano, and Min have constructed a novel, 16-dimensional super-
conformal extension of the planar Galilei group. Describing their theory goes beyond our
scope here; we demonstrate, however, that their superalgebra is precisely our ‘exotic’ ex-
tension described in Section 5. Let us in fact assume that n = 2, and consider the ‘IJ-type’
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extension with ν = 1 and ǫ1 = ǫ2 = 1. The Grassmann space is hence two-dimensional.
The corresponding ‘exotic super-Schro¨dinger algebra’ is represented by those matrices
(8.1) Z =

A+ aI bI 0 V −σI − σ∗J
cI A− aI 0 W −θI − θ∗J
1
2W −12V 0 u −12Ψ
0 0 0 0 0
θI − θ∗J −σI + σ∗J 0 Ψ S

where I = I2, J = J2; A = ωJ ∈ o(2); a, b, c, u, r ∈ R; V,W ∈ R2; S = rJ ∈ o(2);
σ, σ∗, θ, θ∗ ∈ R1; Ψ ∈ R21. (Note that there is no R but there is an S — cf. (5.9)). The
supercommutators Z ′′ = [Z, Z ′] are found as
(8.2)

ω′′ = σθ′∗ + σ
′θ∗ − σ∗θ′ − σ′∗θ
a′′ = bc′ − b′c− (σθ′ + σ′θ + σ∗θ′∗ + σ′∗θ∗)
b′′ = 2(ab′ − a′b) + 2(σσ′ + σ∗σ′∗)
c′′ = 2(ca′ − c′a)− 2(θθ′ + θ∗θ′∗)
V′′ = J(ωV′ − ω′V) + aV′ − a′V + bW′ − b′W − (σΨ′ + σ′Ψ)
− J(σ∗Ψ′ + σ′∗Ψ)
W′′ = J(ωW′ − ω′W)− aW′ + a′W + cV′ − c′V − (θΨ′ + θ′Ψ)
− J(θ∗Ψ′ + θ′∗Ψ)
u′′ = −VW′ +V′W −ΨΨ′
r′′ = 2(σθ′∗ + σ
′θ∗ − θσ′∗ − θ′σ∗)
and
(8.3)

σ′′ = σ∗ω
′ − σ′∗ω + aσ′ − a′σ + bθ′ − b′θ + rσ′∗ − r′σ∗
σ′′∗ = −σω′ + σ′ω + aσ′∗ − a′σ∗ + bθ′∗ − b′θ∗ − rσ′ + r′σ
θ′′ = −aθ′ + a′θ + θ∗ω′ − θ′∗ω − θ∗r′ + θ′∗r + cσ′ − c′σ
θ′′∗ = −aθ′∗ + a′θ∗ − θω′ + θ′ω + θr′ − θ′r + cσ′∗ − c′σ∗
Ψ′′ = −σW′ + σ′W + θV′ − θ′V
− J(θ∗V′ − θ′∗V) + J(σ∗W′ − σ′∗W) + J(rΨ′ − r′Ψ).
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The formula (5.11) of the supermoment map yields now 16 supercharges, namely
(8.4)

J = Q×P, Q = P · ξ,
H = 12 ||P||2, Q∗ = P× ξ,
D = P ·Q, S = Q · ξ,
K = 12 ||Q||2, S∗ = Q× ξ,
G = Q, Ξ = ξ,
P = P,
M = 1,
L = ξ × ξ.
Observe that there is just one super-translation vector, Ψ, and hence a single ‘spin’
vector Ξ, which does not contribute now to the angular momentum: the space rotations
do not affect the Grassmann variable ξ. Thus J is merely the orbital angular momentum.
The even Poisson brackets are those of the direct product of the Schro¨dinger algebra
sch(2) with an extra o(2). Both sets of supercharges Q,S and Q∗,S∗ extend the bosonic
sl(2,R) generated by H,D,K into osp(1/1) but they fail to close with L into osp(1/2),
because the mixed commutators [Q,S∗] and [Q∗,S] bring in the angular momentum:
(8.5)
[Q,S] = 0, [Q∗,S∗] = 0,
[Q,S∗] = −J + L, [Q∗,S] = J − L.
But J satisfies now non-trivial commutation relations with the supercharges,
(8.6)
[J ,Q] = Q∗, [J ,Q∗] = −Q,
[J ,S] = S∗, [J ,S∗] = −S.
Thus, defining
(8.7) Y = J − L = Q×P− ξ × ξ,
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the generators H,D,K,Y and Q,Q∗,S,S∗ satisfy once more the osp(1/2) relations,
(8.8)
[Q,D] = Q [Q∗,D] = Q∗
[Q,K] = S [Q∗,K] = S∗
[Q,H] = 0, [Q∗,H] = 0
[Q,Y ] = Q∗ [Q∗,Y ] = −Q
[S,D] = −S [S∗,D] = −S∗
[S,K] = 0 [S∗,K] = 0
[S,H] = −Q [S∗,H] = −Q∗
[S,Y ] = S∗ [S∗,Y ] = −S
[Q,Q] = −2H [Q∗,Q∗] = −2H
[S,S] = −2K [S∗,S∗] = −2K
[Q,Q∗] = 0 [S,S∗] = 0
[Q,S] = −D [Q∗,S∗] = −D
[Q,S∗] = −Y [Q∗,S] = Y .
On the other hand,
(8.9) Z = J − 12 L = Q× P − 12ξ × ξ
commutes with all generators of osp(1/2), so that the homogeneous part is once more a
direct product, o(2)× osp(1/2).
The generator Z plays the roˆle of ordinary rotations, and Y behaves as a fermionic
Hamiltonian in the conventional case. Both mix spatial and internal rotations. Since Z
satisfies the same commutation relations with the bosonic generators as J does in (4.13),
Z,H,D,K,M,G,P form the standard Schro¨dinger algebra s˜ch(2).
The generators G,P and Ξ span the super-Heisenberg algebra h(2/1),
(8.10) [Ga,Ξb] = 0, [Pa,Ξb] = 0, [Ξa,Ξb] = −M δab.
The remaining relations are exactly the same as in the ‘I-type’ case, showing that the
structure of our new algebra is
(8.11) s˜che(1) ∼= (o(2)× osp(1/2)) s©h(2/1),
cf. Eq. (4.19). The only difference is that there is now just one super-translation.
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Finally, the commutation relations of the superalgebra of Leblanc et al. [1] are indeed
recovered from those (8.5-10) of our exotic super-Schro¨dinger algebra s˜che(1) by setting
LLM DH
J = J +M− 1
4
L
H = H
K = K
D = 1
2
D
G± = ∓G1 + iG2
P± = ∓P1 + iP2
NF = −12L
NB = M+ 12L
Q1 = iΞ
1 − Ξ2
Q∗1 = Ξ
1 − iΞ2
Q2 =
1
2 (iQ−Q∗)
Q∗2 =
1
2 (Q− iQ∗)
F = 1
2
(S + iS∗)
F ∗ = 12 (iS + S∗).
9. Supersymmetry of the monopole and of the magnetic vortex.
A few years ago, Jackiw [11] pointed out that a spin-0 particle in a Dirac monopole field
has an o(2, 1) dynamical symmetry, generated by the spin-0 Hamiltonian, Ĥ0 = pi2/(2m),
by the dilatation and by the expansion,
(9.1) D̂ = −2tĤ0 + 12 (pi · r+ r · pi) and K̂ = t2Ĥ0 − tD̂ + 12mr2,
where pi = p − eA is associated with a monopole vector potential, A. This result was
extended to spin-1
2
particles by D’Hoker and Vinet [12] who have shown that for the Pauli
Hamiltonian
(9.2) Ĥ = 1
2m
(
pi2 − eB · σ) ,
not only the conformal generators D̂ and K̂, but also the ‘fermionic’ operators
(9.3) Q̂ = 1√
2m
pi · σ and Ŝ =
√
m
2
r · σ − tQ̂
26 Christian DUVAL and Pe´ter HORVA´THY
are conserved. Thus, adding the total angular momentum, the spin system admits an
o(3)× osp(1/1) conformal supersymmetry.
Recently, Jackiw [13] found that the o(2, 1) symmetry, generated by D̂ and K̂ is also
present for a magnetic vortex; it combines with the angular momentum and the ‘exotic’
N = 2 supersymmetry [14] into an o(2)× osp(1/2) superalgebra [15].
We first show this in a quantum-mechanical context.
Let us start with a spin-1
2
particle in a static magnetic field B = B(x, y)zˆ. Dropping
the irrelevant z variable, we work in the plane. The model is described by the Pauli
Hamiltonian (9.2) with B = rot A ≡ ǫij∂iAj . It is easy to see that Ĥ is a perfect square
in two different ways: both operators
(9.4) Q̂ = 1√
2m
pi · σ and Q̂∗ = 1√
2m
pi × σ,
where σ = (σ1, σ2), satisfy the anticommutation relations
(9.5) [Q̂, Q̂]+ = [Q̂∗, Q̂∗]+ = 2Ĥ.
Thus, for any static, purely magnetic field in the plane, Ĥ is an N=2 supersymmetric
Hamiltonian [14].
Let us assume henceforth that B is the field of a point-like magnetic vortex directed
along the z-axis, B = Φ δ(r), where Φ is the total magnetic flux. It is straightforward
to check that D̂ and K̂ as in Eq. (9.1) generate, along with Ĥ, the o(2, 1) Lie algebra, to
which the angular momentum, Ĵ = r×pi, adds an extra o(2). Commuting Q̂ and Q̂∗ with
the expansion, K̂, yields two more fermionic generators, namely
(9.6)

Ŝ = i[Q̂, K̂] =
√
m
2
(
r− pi
m
t
)
· σ,
Ŝ∗ = i[Q̂∗, K̂] =
√
m
2
(
r− pi
m
t
)
× σ.
Then the same calculation as in Section 8 shows that Ŷ = r × pi + σ3, Ĥ, D̂,K and
Q̂, Q̂∗, Ŝ, Ŝ∗ span the osp(1/2) superalgebra. Adding also Ẑ = r×pi+ 12σ3, which commutes
with all generators of osp(1/2), we conclude that the full symmetry superalgebra is the
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direct product osp(1/2)× o(2), generated by
(9.7)

Ŷ = r× pi + σ3, Q̂ = 1√
2m
pi · σ,
Ĥ = 1
2m
(
pi2 − eBσ3
)
, Q̂∗ = 1√
2m
pi × σ,
D̂ = 1
2
(pi · q+ q · pi) + teB
m
σ3, Ŝ =
√
m
2
q · σ,
K̂ = 1
2
mq2, Ŝ∗ =
√
m
2
q× σ,
Ẑ = r× pi + 1
2
σ3,
where we have introduced q ≡ r− tpi/m.
Now we re-derive these results in our framework.
We shall be concerned with the supersymplectic space R2n/n, where n = 2, 3 to deal
respectively with the case of the magnetic vortex F = 1
2
Fjk dr
j ∧ drk = Φδ(r) dx∧ dy, and
the Dirac monopole F = 12ǫijkB
i drj∧drk with B = gr/r3. The minimal coupling prescrip-
tion amounts to replacing the standard supersymplectic structure of R2n/n, parametrized
by (r,pi, ξ), see (2.3) by
(9.8) ω = dπj ∧ drj + 12dξj ∧ dξj + 12eFjk drj ∧ drk
where e is the electric charge of the test particle.
1) The Dirac monopole.
The Pauli Hamiltonian,
(9.9) H = 1
2m
(
pi2 + eFijξ
iξj
)
,
gives rise to the Hamiltonian vectorfield XH (according to ı(XH)ω = −dH),
(9.10) mXH = π
j∂rj − e
(
Fijπ
i + 12∂jFkℓξ
kξℓ
)
∂πj − eFijξi∂ξj .
Routine calculation using the homogeneity property rj∂jFkℓ = −2Fkℓ, shows further-
more that H and
(9.11)

D = pi · r− 2tH with XD = rj∂rj − πj∂πj − tXH,
K = 1
2
mr2 − tD + t2H with XK = −rj∂πj − tXD + t2XH
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form, under Poisson brackets {f, g} = Xfg, and for each value of t, an algebra isomorphic
to o(2, 1). Moreover, the superfunctions
(9.12) Q = pi · ξ√
m
and S = √m r · ξ − tQ,
whose hamiltonian vector fields read
(9.13) XQ =
1√
m
(
ξj∂rj − eFijξi∂πj − πj∂ξj
)
and
(9.14) XS = −
√
m
(
ξj∂πj + r
j∂ξj
)− tXQ,
extend the bosonic symmetry algebra into osp(1/1).
The extra rotation generators read
(9.15) XZjk = rj∂rk − rk∂rj + πj∂πk − πk∂πj + ξj∂ξk − ξk∂ξj
with
(9.16) Zjk = 2r[jπk] − ξjξk.
2) The magnetic vortex.
The vortex case is quite similar: using x δ(r) = y δ(r) = 0 and r · δ′(r) = −2δ(r), it is
straightforward to find nine Hamiltonian vector fields XH, XD, XK, XY , XQ, XQ∗ , XS , XS∗
and XZ which leave the symplectic form (9.8) invariant, and to check that their Poisson
brackets satisfy the o(2)× osp(1/2) supercommutation relations. One readily checks that
(9.17)

Y = r× pi − ξ × ξ, Q = pi · ξ√
m
,
H = 1
2m
(
pi2 + eBξ × ξ) , Q∗ = pi × ξ√
m
,
D = pi · r− 2tH, S = √m r · ξ − tQ,
K = 1
2
mr2 − tD + t2H, S∗ = √m r× ξ − tQ∗,
Z = r× pi − 1
2
ξ × ξ,
actually span the pseudoclassical analog of the operator superalgebra (9.7).
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Appendix
In two configuration-space dimensions, n = 2, the IJ-type Ansatz (5.7), yields the
following ‘exotic’ superalgebra (see (5.10,11)): the even super-Poisson brackets read
(A.1)
[J ,Ga] = −Jab Gb [J ,Pa] = −Jab Pb
[J ,Qj ] = Q∗j [J ,Q∗j ] = −Qj
[J ,Sj] = S∗j [J ,S∗j ] = −Sj
[H,D] = 2H [H,K] = D
[H,Ga] = Pa
[H,Sj] = Qj [H,S∗j ] = Q∗j
[D,K] = 2K [D,Ga] = Ga
[D,Pa] = −Pa
[D,Qj] = −Qj [D,Q∗j ] = −Q∗j
[D,Sj] = Sj [D,S∗j ] = S∗j
[K,Pa] = −Ga
[K,Qj ] = −Sj [K,Q∗j ] = −S∗j
[Ga,Pb] = −Mδab
[Ga,Qj ] = −Ξaj [Ga,Q∗j ] = −Jab Ξbj
[Pa,Sj] = Ξaj [Pa,S∗j ] = Jab Ξbj ,
(A.2)
[Hij ,Hkℓ] = Hikgjℓ −Hjkgiℓ +Hjℓgik −Hiℓgjk
[Hij ,Lkℓ] = −Likgjℓ + Ljkgiℓ + Ljℓgik −Liℓgjk,
(A.3)
[Hjk,Qℓ] = −2Q[jgk]ℓ [Hjk,Q∗ℓ ] = −2Q∗[jgk]ℓ
[Hjk,Sℓ] = −2S[jgk]ℓ [Hjk,S∗ℓ ] = −2S∗[jgk]ℓ
[Hjk,Ξaℓ ] = −2Ξa[jgk]ℓ,
(A.4) [Lij,Lkℓ] = Hikgjℓ +Hjkgiℓ +Hjℓgik +Hiℓgjk,
(A.5)
[Ljk,Qℓ] = 2Q∗(jgk)ℓ [Ljk,Q∗ℓ ] = −2Q(jgk)ℓ
[Ljk,Sℓ] = 2S∗(jgk)ℓ [Ljk,S∗ℓ ] = −2S(jgk)ℓ
[Ljk,Ξaℓ ] = 2Jab Ξb(jgk)ℓ,
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as for the odd super-Poisson brackets, they retain the form
(A.6)
[Qj ,Qk] = −2H gjk
[Qj ,Sk] = −D gjk +Hjk [Qj ,S∗k ] = −J gjk + Ljk
[Qj ,Ξak] = −Pa gjk
[Q∗j ,Q∗k] = −2H gjk
[Q∗j ,Sk] = J gjk − Ljk [Q∗j ,S∗k ] = −D gjk + Ljk
[Q∗j ,Ξak] = Jab Pb gjk
[Sj ,Sk] = −2K gjk [Sj ,Ξak] = −Ga gjk
[S∗j ,S∗k ] = −2K gjk [S∗j ,Ξak] = Jab Gb gjk
[Ξaj ,Ξ
b
k] = −M δab gjk.
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